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Abstract . This article enriches the idea of neutrosophic soft ideal (NSI). The notion of neutrosophic soft prime ideal 
(NSPI) is also introduced here. The characteristics of both NSI and NSPI are investigated. Their relations are drawn 
with the concept of ideal and prime ideal in crisp sense. Any neutrosophic soft set (Nss) can be made into NSI or NSPI 
using the respective cut set under a situation. The homomorphic characters of ideal and prime ideal in this new class 
are also drawn critically. 
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1 Introduction 


In today’s world, the most of our routine activities are full of uncertainty and ambiguity. Whenever solving any 
problem arisen in decision making, political affairs, medicine, management, industrial and many other different 
real worlds, analysts suffer from a major confusion instead of directly moving towards a positive decision. 
The situation can be nicely conducted by practice of Neutrosophic set (Vs) theory introduced by Smarandache 
[7,8]. This theory represents an object by an additional value namely indeterministic function beside another 
two characters seen in Attanasov’s theory [16]. So, Attanasov’s theory can not be a proper choice in uncertain 
situation. Hence, the Ns theory is more reliable to an analyst, since an object is estimated here by three 
independent characters namely true value, indeterminate value and false value. The analysis of uncertain fact is 
possible in a more convenient way on the availability of adequate parameters. The soft set theory innovated by 
Molodtsov [5] brought that opportunity to practice the different theories in uncertain atmosphere. 

Researchers are trying to extend the various mathematical structures over fuzzy set, intuitionistic fuzzy set, 
soft set from the very beginning. Some attempts [1,2,3,4,6,11,12,21,32,33,45] allied to group and ring theory 
are pointed out. Maji [22] took a successful effort to combine the neutrosophic logic with soft set theory and 
thus the Nss theory was brought forth. Later, modifying the different operations of Nss theory using t-norm 
and s-norm, Deli and Broumi [13] gave this Nss theory a new look. Doing the habit of this modified formation, 
Bera and Mahapatra [36] began to study the notion of NSI. From initiation, the authors are making attempt to 
unite with the neutrosophic logic in different mathematical areas and in many real sectors. These [9,10,14,15, 
17-20, 23-31, 34-44] are some accomplishments. 

The present study investigates the characteristics of NSI. Section 2 states some necessary definitions to carry 
on the main result. In Section 3, the structural characteristics of NSIs are investigated. Section 4 introduces and 
develops the concept of NSPI. Section 5 describes the nature of homomorphic image of NSI and the conclusion 
is given in Section 6. 
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2 Preliminaries 


We shall remember some definitions here to make out the main thought. 


2.1 Definition [38] 


1. A continuous t-norm A maps [0, 1] x [0,1] — [0, 1] and satisfies the followings. 

(i) A is continuous and associative. 

(ii) mAg=qAm, Vm,¢€ [0,1]. 

(iii) mA1L=1Am=m, Vme [0,1]. 

(iv) mAqg<nAs if m<n,q<s with m,q,n,s € [0,1]. 
mAgq=mq,mAq=min{m,q},m Aq = max{m + q— 1,0} are some necessary continuous t-norms. 
2. A continuous ¢ - conorm (s - norm) V7 maps [0, 1] x [0, 1] — [0, 1] and obeys the followings. 
(i) V7 is continuous and associative. 

jiij)w Vp=pVvuw, Vu,p € (0, 1]. 

(iii) w V0 =0Vw=w, Vu € (0, 1]. 

(iv) wVpsvvVq if w<vu,p<q with w,v,p,q€ [0,1]. 


wVp=w+p—wp,w V7 p= max{w,p},w V7 p = min{w + p, 1} are some useful continuous s-norms. 


2.2 Definition [7] 


An element u of a universal set X is described under an Ng H by three characters viz. truth-membership 
Ty, indeterminacy-membership J;,; and falsity-membership Fy, such that Ty(w), [y(u), Fx (u) €]70,17| and 
~0 < sup Ty(u) + sup Iy(u) + sup Fy(u) < 3%. For 1* = 1+, 1 is the standard part and « is the non- 
standard part and so on for ~0 also. The non-standard subsets of |~0, 1+] is practiced in philosophical ground 
but in real atmosphere, only the standard subsets of |~0,1*[ i-e., [0,1] is used. Thus the Ng H is put as : 
{< u, (Ty(u), I(u), Fy(u)) >: we X}. 


2.3 Definition [5] 


Suppose X be the universe of discourse and F be a parametric set. Then for B C E and o(X) being the set of 
all subsets of X, a soft set is narrated by a pair (G, B) when G maps B > ¢(X). 


2.4 Definition [22] 


Suppose X be the universe of discourse and FE’ be a parametric set. Then for B C EF’ and Ng(X) being the set 
of all Ngs over X, an Nss is narrated by a pair (G, B) when G maps B + Ng(X). 


The Nss theory appeared in a new look by Deli and Broumi [13] as follows. 


2.5 Definition [13] 


Suppose X be the universe of discourse and FE being a parametric set describes the elements of X. An Nss 
D over (X,£E) is put as: {(b,hp(b)) : b © E} where hp maps E + Ng(X) given by hp(b) = {< 
U, (Thy) (u), Lnp() (4), Frpw)(u)) >: u © X}. Tho), Inyo); Fro) € [0,1] are three characters of hp(b) as 
mentioned in Definition [7] and they are connected by the relation 0 < Th,,()(w) + Inp(o) (u) + Fro) (u) < 3. 
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2.5.1 Definition [13] 


Over (X, E’), suppose P, Q be two Nss. Vb € FE and Vu € X, if Th, (u) < Tho (u), Inpoy(u) = Ino (u), 
Frp(o)(u) = Fro)(u), then P is called a neutrosophic soft subset of Q (denoted as P C Q) 


2.6 Proposition [34] 


A neutrosophic soft group (NSG) D is an Nss on (V, 0), a classical group, obeying the inequalities mentioned 
below with respect tom A q = min{m, q} and p 7 n = max{p, n}. 

Thp(b) (wov—!) > ey (wu) A Thp(b) (v), Tn p(b) (uov') < Th pb) (w) V Lap (b) (v) and 

Fi, (») (uov—) < Fry (oy (u) V Fry) (v), Vu,v € V, VbE E. 


2.7 Definition [36] 


1. For a neutrosophic soft ring (NSR) D on a ring (.5,+, -) in crisp sense if each hp(b) is a neutrosophic left 
ideal for b € E, then D is called a neutrosophic soft left ideal (NSLI) i.e., 

(i) hp(b) is a neutrosophic subgroup of (5, +) for every b € E and 

(i) Thaw (@-¥) = Thaw) Y)s Irv (@-9) S Inn); Faow(@-¥) S Faowly); for x,y € S. 
2. For an NSR D on (S,+,-) if each hp(b) is a neutrosophic right ideal for b € E, then D is called a 
neutrosophic soft right ideal (NSRID) i.e., 

(i) hp(b) is a neutrosophic subgroup of (5, +) for every b € E and 

Gi) Tips l(oy) > Tigi); lane Uv) Sapa) Fro l@-9) = Pasa te)? foray es: 
3. For an NSR D on (S,+,-) if each hp(b) is an NSLI as well as NSRI for b € E, then D is called an NSI i-e., 

(i) hp(b) is a neutrosophic subgroup of (.S,-+) for every b € E and 

Gi) Tip (a-y) 2 max{Th,, (2), Tho (y)} Inn (@-y) S min{ ln, @)(x), Inpw(y)} and 

Fro w(@-y) S min{ Frp@(%), Frpwy(y)}s for x,y € S. 


2.8 Definition [35] 


1. Let M be an Ns on the universe of discourse X. Then M(,,7)5) 1s called (0,7, 0)-cut of M and is described 
asaset {u € X : Ty(u) > o,Iy(u) <n, Fu(u) < 6} where o,7,6 € [0,1] anndO <o0+7+6 < 3. This 
M o.n,5) is called (a, 7, 6)-level set or (a, 1, 6)-cut set of the Ng M and clearly, M(g.n,5) C X. 

2. Let D be an Nss on (X, £). Then the soft set Dion,5) = {(0, [hp (0) ](on,6)) 1 6 € E} is called (a, 7, 5)-level 
soft set or (a, 7, 6)-cut soft set for o,7,d € [0,1] wihO <o+%7+6 < 3. Here each [hp(b)|(o7,5) is an 
(c, 7, 6)-level set of the Ns hp(b) over X. 


In the main results, we shall restrict ourselves by the t-norm as m A q = min{m, q} and s-norm as p 7 n = 
max{p,n} and shall take b € EF, a parametric set, as an arbitrary parameter. 


3  Neutrosophic soft ideal 


Some features of NSI are studied by developing a number of theorems here. 
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3.1 Proposition 


Let K be an NSLI (NSRJ on (S, £). If Og is the additive identity of the ring S, then 
(i) Taye (b) (14) < The(b) (Os); Tnx (by (U) > Thx (b) (05), Fri (b)(u u) > ie (») (Os), Vue RandvVbe E. 
(ii) A(o,n,5) is a left (right) ideal for 0 < o < Th) (05), Ing) (0s) <7 <1, Faxwy(Os) <6 <1. 


Proof. (i) Here, for every b € E', hx(b) is a neutrosophic subgroup of (S,+). Then Vu € S and Vb € E, 
Tr)(Os) = The w(u — U) 2 Thee) A The (u) = pa u), 


The (Os) = Ihgwy(u—u) < Ing (tu) V Ine (u) = Ing (u), 
Fix(b) (Os) Fig(oy(u—u) < Frew (u) 7 Frae(y(u) = ae (u); 


(ii) Let u,v € K(on,5) and r € S. Then, 


Thiewlu—v) 2 Thou) ATixe lw) 2ocAd =e, 
h,ou-v) < hw) V7 hw) <9V0 =, 
Fix) (u — v) = Pais y(t) 7 Fhicte)(v) < = 676 =9; 


and Th,.@) (Tu) = Theo) (u) 2% Lne@ (Tu) S Inc (@) S Faw (Tu) S Fay (u) < 6. 
Hence u — v, ru € K(o,5) and so K(g,,5) is a left ideal of S. Similarly, one right ideal of S' is K(,.,5) also. 


3.2 Theorem 


(i) Q be a non-empty ideal of crisp ring S if and only if 3 an NSI Kk on (S, £) where hx : E —> Ng(S) is 
given as, Vb € E, 


D ifueQ Dp ifueQ Dp ifueQ 
Thx (o) (U) = e I aaa tee: Thyc(b)(U) = { ieee ifu ¢O. Fig (o)(u) = ee (> p3) ifud Q. 


‘ = (p1, P2, p3) when u € Q 
Briefly stated  hx(b)(u) = { (eo) whens 2 0. 
where $1 < p, S2 > P2, 53 > p3 and p;, s; € [0,1] for all 7 = 1, 2,3. 
(ii) Specifically, Q is a non empty ideal of a crisp ring S iff it’s characteristic function \g is an NSI on (S, E) 
where Ag : E —> Ng(S) is given as, Vb € E, 


rool= {9 itugg, Bom={9 age, Hom=(1 rage 


Proof.(i) First let Q be a non empty ideal of S in crisp sense and consider an Nss K on (5, E’). We now take the 
following cases. 


Case 1: When u,v € Q, then u — v € Q, an ideal. So, Vb € E, 


The (b) (U —v) = pr=pm Ap, =Th, (6) (w2) BT (6) (v) 
Thxe() (U x v) P= PEN Pa = Dare (b )(u) V Dnic(b y(v ) 
Frey(u-—v) = p3 = p3 V P3 = Faas) (u) V Faas (v) 
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Case 2: If u € Q but uv €¢ Q, thenu —v ¢ Q. So, Vb E E, 


Thrw(u-v) = 8: =p Asi =Thyw(u) A Thxw(v) 
Tn pe (by (U —v) = po V7 $2 = fax )(u) V Lhe) (v) 
Figy(U-—v) = $3 = p37 $3 = Fazcy(u) V Fax (v) 


Case 3: If u,v ¢ Q, then Vb € E, 


Tieglu=—v) 2 81 = 81 As, = Tia (u) A Theor) 
Ing(o)(U—V) S82 = $2 7 82 = Tago) (u) V Ingo (v) 
Fr)(U—v) < 83 = 83 7 83 = Fay () V Fax (v) 


Thus in any case Vu,v € Rand Vb € E, 
Thc) (U = ¥) 2 Thiet) A Ta (%), Lrg (U — v) S Ing (U) V Ing (v) and 
Freo)(U — UV) S Faye) (U) V Fax (e)- 

We shall now test the 2nd condition of the Definition [2.7]. 

Case 1 : When u € Q then wv, vu € Q, an ideal on S, for v € S. So, Vb € E, 


Tax (uv) = The@(vu) = Pi = Thee u), 
Lie (uv) = Ing (vu) = Po = Tne (u), 
Fix()(Uv) = Frew (vu) = ps = Frye) (u); 


Case 2: If u € Q then either uv € Q or uv ¢ Q and so, Vb € E, 


Thic(o) (uv) > 81 = Thy) (U), Theo) (vu) > 81 = Thy (u), 
Tnx (bt) (uv) < 82 = Tn, (u), Ing (vu) < $2 = Ingo (u), 
Fig (b) (Uv) < 83 = Faye) (u), Farwy(vu) < 83 = Fae (u); 


This shows that A is NSLI and also NSRI on (S, £). Thus & is an NSI on (5, F). 
Reversely, suppose KC be an NSI on (S, £) in the specified form. We are to show Q(¥ 4@) is a crisp ideal of 
S. Letu,v € Q anda € S. Then Th je (b)(U) = Th c(b)(v) = 71, Tn (b) (U) = Thx (b)(V) = po, Fh (b) (U) = 
Fhy(b)(v) = p3. Now, 

Thc) (U — ¥) 2 Theo) A The (¥) = Pr, They (U — 2) S They (&) V Ine yu) = pe and 

Fc) (Ul — ¥) S Fat) V Fay (v) = Ds. 
Further, as is an NSI over (S, £) and as either 0s € Q or 0g € Q, 

Tho) (U = 0) S Thyoy(Os) S Pry Ing (U — 0) 2 Ingo) (0s) 2 D2, Fac (u— v) 2 Frio) (Os) 2 ps. 
This implies Tp, (6)(u—v) = pi, Ing (b)(U—-V) = Pe, Fry(b)(u—v) = ps and so by construction of K, u—v € Q. 
Next, AK is an NSLI over (5, ) and so, 

Tico) (QU) 2 Tyco) (U) = Dis Ingo) (QU) S Ing) (U) = Pa, Fao (@u) S Fae (u) = ps. 

Again Ky is an NSLI over (5, ) and as either 05 € Q or 0s € Q, 

Trx(v) (au) < Thy) (Os) < pr, Ing (w(au) > Inyo) (Os) > pe, Fax(yy(au) > Fry) (Os) > ps. 

This shows Ty,,.(o)(au) = pr, Ing(o) (Qu) = pe, Fryx() (au) = p3. So, au € Q by structure of AK. In a same 
comer, ua € Q. Therefore, Q is a crisp ideal of S. 
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(ii) First suppose Q be a non empty crisp ideal of S and on (S, E), Ag be an Nss. Following cases are needed 
to discuss. 


Case 1: When u,v € Q, then u — v € Q, an ideal. So, Vb € E, 


Ty (0) (u — v) = 1= = 1 A i = Tet )(w) A Tro (6) (v) 
Log (u—v) 0=0V70 = 150) (u) 7 Drow (v) 
Fyo)(u — v) — 0=0V70 = Fyo0) (u) 7 Pro (v) 


Case 2: If u € Q but v ¢ Q, thenu —v ¢ Q. Then Vb € E, 


Tyo) (u = v) = UST = Dy )(w) aS Tyr9(6)(v) 
Thow)(u — v) =o 1 =0V7 1 = Iho) (u) 7 Drow (v) 
Fy oy (u — v) = | =0V 1 = Fy) (u) 7 Frow(v) 


Case 3: If u,v ¢ Q, then Vb € E, 


Ty 9 (0) (U =z v) > 0= = 0 A 0= = Thai ) (20) LS Dek »)(v) 
Ihgw(u — v) < l=1V1=he r)(U) F Lrg »)(v) 
Fyg@)(u — v) < 1=1V1= Fra 1) (U) V7 Fro b)(v) 


Thus in any case Vu,v € S and Vb € E, 
Taw (u— v) 2 Thaw (u) ATgHm(%), Dem Uv) S Dew) V Dew(v) and 
Pyow(u—v) < ee yu) 7 Frocy(v)- 

We shall now test the 2nd condition of Definition [2.7]. 

Case 1 : When u € Q then wv, vu € Q, an ideal of S, for v € S. So, Vb € E, 
Ty9(6) (uv) = Ty9(6) (vu) — oe Tyo 4); Dyg)(uv) = Tyo) (vu) =0= Troe) (u) and 
Po) (uv) = Fy (0) (vu) =0= Py oe) (u). 

Case 2: If u € Q then either wv € Q or uv € Q and so Vb € E, 


Tro(o) (uv) = 0 = Thay (u), Tho (vu) = 0 = Thow(u), 
Tow (uv) <1 = hoe (u), Dow (vu) <1 = Dew(u), 
Fy oo) (uv) <l= Py oy (u), Fy oie) (vu) <1 = Py oa (u); 


This shows that \g is NSLI and NSRI on (5, £’). Thus Ag is NSI on (5, £). 
Reversely, let Ag be an NSI over (5, /) in the prescribed form. We shall have to show @(¥ ¢) is a crisp ideal 
of S. Let u,v € Q anda € S. Then Tyo (6) (u) = Ty9()(v) = 1, Dygw(u) = Tyg) (v) = 0, Fyo(u) = 
Pye y(v v) = 0. Now, 
Tro) (u — v) = Tiga (u) A Tage (v) =1, Dow l(u-v) < how) V Dew (v) =0 and 
Fyowy(u—v) < Fagay(u) V Pag (v) = 0. 
Further, as Ag is an NSI over (5, £) and as either 0g € Q or Os € Q, 
Throy(u — v) < Tiga) (Os) < 1, Dow (u-v) = Hews) = 0, Prgay(u—v) = Fro (0s) = 0. 
This implies T),(4)(u —v) = 1, Tyg) (u—v) = 0, Frga)(u — v) = 0 and so by construction of Ag, u—v € Q. 
Next, Ag is an NSLI over (5, E’) and so, 
Ty9(6) (au) > Tyo (0) (u) = 1, Tyo(o) (au) < Tyg) (u) = 0, Fy ov) (au) < Fy oo) (u) = 0. 
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Again Ag is an NSLI over (S, £) and as either 0s € Q or 0s ¢ Q, 

Tro(o)(au) < Trg (0s) <1, Dew (au) 2 Dow (0s) 2 0; Prag (au) 2 Fro) (Os) 2 0. 
This shows Ty9(b) (au) = 1, Iho) (au) = 0, Fro(w (au) = 0. So, au € Q by structure of Ag. By same logic, 
ua € Q. Thus, @ is a crisp ideal of S. 


3.3. Theorem 
Consider an NSLI (NSRI) Q over (5, E). Then, Qo = {u € S : Thoy(u) = Thewy(0s), Lngw(u) = 
Tho (o)(Os); Fag(o)(U) = Fao(s)(0s)} is a crisp left (right) ideal of S for b € E. 


Proof. Following the reverse part of Theorem [3.2], it will be as usual. 


3.4 Theorem 

Q, an Nss on (S, £), is an NSLI (NSRI) iff Q = {u € S: Thow(u) = 1, Ing) (u) = 9, Fro (u) = 0} with 
Os € Q is acrisp left (right) ideal of S. 

Proof. We can put Q, an Nss on (5, F), as given below, Vb € EF, 


_ J (1,0,0) when u € Q 
fou) = (s1,59,83)  whenud Q. 


where 0 < 5s; < 1,0 < 52) <1,0< s3 < 1. Assume Q be a crisp left ideal of S for Q being an Nss on (S, EF). 
We shall now take the cases stated below. 


Case 1 : When u,v € QO, then u—v€ O. a crisp left ideal. So, Vb € E, 
Thao) (u = v) = Bia Py That b) (u A Tho(b y(v) 


Tho) (u — v) = 0=070= ho by (u V Lng) (v) 
Fhraw(u-v) = 0=070= Fhow(u) 7 Fhew(v) 


Sa Sy 


Case 2: Ifu € Q but v ¢ Q, thenu —v ¢ Q. Then Vb € E, 


Tho(b) (u = v) SS SF iar sy, Tho(b )(w) ras Tho(b) (v) 
Thagy(u-v) = 82 =07 82 = Thaw (u) V Inge (r) 
Figo (u-v) = 83 =0V7 83 = Fagw(u) V Frow(v) 


Case 3: If u,v ¢ Q, then Vb € EF, 


Sy, = $1 A sy, = Tho(b )(u) A Thg(o)(v) 
82 = 82 V $2 = Ing) (u) V Ingo) (v) 
83 = 83 V7 83 = Fig (u) V Fag (v) 


Tho (0) (u = v) 
The (b)(U _ v) 
Fho(o)(u — v) 


IA IA IV 


Thus in any case Vu,v € Sand Vb € EF, 
Thoio)(u — ¥) & Tho) () A Thaw (v), Ine (u — ¥) S Ine) (u) V Lhe (v) and 
Frau — 0) S Fag) V Faao lv): 

We are to test now the 2nd condition of Definition [2.7]. 
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Case 1: Ifue Q then vu € Q, a crisp left ideal on S, for v € S. So, Vb € E, 
Thos) (vu) |= Thg(b)(¥), Tho (b) (vu) =0= Tho) (u); Fro) (vu) = Fho(e)(u). 
Case 2: If u ¢ Q then either vu E Q or vu ¢ Q for v € RandsoVbe€ E, 
Tho(o) (Vu) = $1 = Thos) (U); Thais) (vu) < 82 = Ings) (¥), Fao (vu) < 3 = Fag) (u)- 
This shows that Q is an NSLI over (S, E). 
Conversely, let Q be an NSLI on (5, E) in the assumed structure. Let u,v € Q anda € S. Then Tj, o(b)(u) = 
Tho(o)(¥) = 1, Lhg(o) (U) = Lng) (v) = 9, Fro) (U) = Fao) (v) = 0. Now, 
Tho(o)(u — Vv) = Thosy(u) A Tho (v) = 1, Ing) (tu — v) S Inge) (U) VY Ingo) (v) =0 and 
Fig) (u—v) < Fig@(u) V Fao) (v) = 9. 
Further, as Q is an NSLI over (R, F) and as either 05 € Q or 0g ¢ Q, 
Toe @=@) & Tig@ Os) S Ly tng@ @ =0) 2 tage) Os) 29 FgGl = 0): = Pray 0s) = 0: 
This implies T;,,()(u — v) = 1, Ing) (u — v) = 9, Figiwy)(u — v) = 0 and so by construction of Q, u — vu € Q. 
Next, Q is an NSLI over (R, F) and so, 
Tho(s) (au) = Tho) (u) = 1, Inga (au) < Ing) (u) = 9, Fao) (au) < Fhow)(u) = 0. 
Again @ is an NSLI over (R, F) and as either Or € Q or Op ¢ Q, 
Tho(s) (au) < Tho)(Or) < 1, Ing (au) = Ing) (OR) = 0, Frocy(au) = Fro) (Or) = 0. 
This shows T),.(u) (au) = 1, Ing(o) (au) = 0, Fhoiw) (au) = Oie., au € QO. Therefore, Q is a crisp left ideal of S 
and so is Q over S' similarly. 


3.5 Theorem 


Let K be an Nss over (S, £’). Then is an NSLI (NSRD) iff each nonempty cut set [hx (b)|(5n,0) of the Ns 
hi (b) is a crisp left (right) ideal of S for 6 € ImTh,.0), 7 € LMIng),  € LM Frrg(p)- 


Proof. Let K be an NSLI (NSRI) over (5, £) and u,v € [hx (b)|(5n,0),7 € S. Then, 


Theo) (U — ¥) = Thew(u) A Thaw (v) = 6Ad=6 


Tne@o(u—v) <The) VIarw(v) S<9V0=7 
Fry (bt)(u — ¥) < Frat) V Faewy(v) <¢ Vo =o and 


Taco (Tu) = Thi w(U) 2 45, Inx(tu) < Tae@m(t) S% Fhaew(ru) < Fix u) So. 
Hence u — v, ru € [hx(6)]|(5n,0) and so [hx (b)](5,n,0) iS a crisp left ideal of S. By same way, [hx (b)](5,n,0) is a 
right ideal of S. 
Reversely, assume [hx (b)](5,n,0) be a crisp left (right) ideal of S and u,v € S. If possible, let 

Thre (b) (Ub _ v) < Tice) (u) A Tee) (v), Thc (by (U _ v) > Thy (by (U) V Tnx (b)(V) and 

Frc(o)(t = V0) > Fact) V Fac) (&)- 
If Th. .(o)(u) A Th, (o)(v) = 8 (say), then T),,,()(u) > s and T),,.«)(v) > s. As cut set is a crisp left ideal, 
so T),,.(b)(u — v) > s is natural. It shows a contradiction for T),,.«,)(u — v) < s. Hence Th,.(»)(u —v) > 
Thx (o)(u) A Thx (a) (v). Other two can be shown as usual. 

For r € S, let, Thx (b) (ru) < Thx (b)(u), Tnjc(v) (TU) > Tn (b) (Us) and Fric(v) (ru) > Frei.) 
If Ti,.(o)(u) = t, then T),,,(4)(ru) < t. As cut set is a crisp left ideal, then T),,.(2)(ru) > t is obvious. It is 
against our assumption. So, 7), (x) (ru) > Trees (wu). Other two can be set naturally. Thus A is an NSLI on 
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(S, £). & can also be shown an NSRI over (S, £) by same path and thus the theorem is ended. 


4 Neutrosophic soft prime ideal 


This section defines and illustrates NSPI along with the development of some theorems. 


4.1 Definition 


A constant Nss kK on (S, £) is one whose hx(b) is constant Vb € E. It means, for every b € F, the triplet 
(Th (b)(U), Lng(o)(U), Fre (o)(u)) always gives same value Vu € S. 

If for every b € E, the triplet (T),,.(6) (2), Lnic(b) (4), Fric(by(w)) is at least of two different kinds Vu € S, then 
is called a nonconstant Nss. 


4.2 Definition 


Let C, D be two Nss on (5, £). Then CoD (= P, say) is also an Nss on (5, £). Vb € E and Vu € S, it is 
defined as : 


= MAK i=y2|T nace) (v) x Thp(a) (z)| 
Troy (t) = { 0 ifuwis notputas u = vz. 


_ J minu=vene(a)(%) V Lav@(2)] 
Trey) = { 1 ifwis notputas u = vz. 


_ J minusve[Fhe()(Y) V Fro) ()] 
Frew (u) = { 1 ifxis notputas u = vz. 


4.3 Definition 
An NSI K over (5, ) is called an NSPI when (i) K is not constant NSI, (ii) for any two NSIs C, D over (S, E), 
CoD C K implies either C C K or DC K. 


4.3.1 Example 


Consider the integer set Z and the parametric set EF = {by, bo,b3}. Take a division Z into 3Z and Z — 3Z. 
Consider an Nss K on (Z, F) given below. 


Table 1 : Tabular form of Nss 
| hic(b1) hx (b2) hx (bs) 
3Z (0.9,0.4,0.1) (0.4,0.3,0.4) (0.8, 0.7, 0.3) 
Z —3Z | (0.6,0.7,0.5) (0.1,0.6,0.5) (0.2, 0.9, 0.4) 


Now the following several cases are taken into consideration. 

Case 1: If u,v € 3Z then u — v, uv € 3Z. 

Case 2: If u,v € Z — 3Z then u —v € 3Z or Z — 3Z, uv € Z — 32. 
Case 3: Ifu € 3Z,v € Z — 3Z thenu —v € Z — 3Z and wv € 3Z. 


T. Bera, S. Broumi and N. K. Mahapatra, Behaviour of ring ideal in neutrosophic and soft sense. 


10 Neutrosophic Sets and Systems, Vol. 25, 2019 


Obviously, A is an NSI on (Z, E). To make out that, consider Case 3 with respect to the parameter b,. Other 
two are as usual. 


Thx (b1)(u — v) = 0.6 = min{0.9, 0.6} = Th.) (u) A Thy (o,)(v) 
Tix (b)(u — v) = 0.7 = max{0.4, 0.7} = Ing iy (&) VY Laxey (v) 
Fricti)(u — v) = 0.5 = max{0.1,0.5} = Flu) V ere v). 
Thic(b1) (Uv) = 0.9 = max{0.9, 0.6} = max{T},,(6,)(U), Thx (m1) (v) } 
Thc (b1) (uv) = 0.4 = min{0.4, 0.7} = min{Jp.(61:)(U), Lr (o1)(v) } 
Fh(h) (uv) = 0.1 = min{0.1, 0.5} = min{ Fi,,.,)(4), Frei (v)}- 


To prove K as NSPI, we now let another two NSIs C’ (by Table 2) and D (by Table 3) on (Z, F). Table 4 refers 
the operation CoD. 


Table 2 : Table for NSI C 
ho(b1) ho(by) ho(bs) 
3Z (0.3,0:4, 0,6). (0:%0.2,.0,5) '(06;:0.5,.0.1) 
Z —3Z | (0.1,0.5,0.8) (0.1,0.6,0.7) (0.3, 0.8, 0.2) 


Table 3 : Table for NSI D 
hp(b1) hp(b2) hp(bs) 
3Z (0.6,0.4,0.5) (0.3,0.5,0.6) (0.4, 0.8, 0.4) 
Z —3Z | (0.2,0.8,0.9) (0.1,0.7,0.8) (0.1, 1.0, 0.5) 


Table 4 : Table for CoD = Q(say) 
ha(b1) ha(ba) habs) 
3Z (0.3, 0.4,0.6) (0.3,0.5,0.6) (0.4, 0.8, 0.4) 
Z —3Z | (0.1,0.8,0.9) (0.1,0.7,0.8) (0.1, 1.0, 0.5) 


The discussion of hg(b;) is provided to convince the Table 4. 
When wv € 3Z, theneitheru,v € 3Z or u€3Z,vE Z-—3Z or uC Z—32Z,v € 3Z. 
When wv € Z — 3Z, then u,v € Z — 3Z only. Now for w = uv € 3Z, 


Tho(t1)(w) = max{The,)(u) A Thy.) (v)} = max{0.3 A 0.6, 0.3 A 0.2,0.1 A 0.6} = 0.3 
Ini b1) (w) = = min{Lne(o,)(u) V Tnp(b)(v) $ = min{0.4 V 0.4, 0.4 V 0.8, 0.5 V 0.4} = 0.4 
Fho(bs)(w) = mint Fre(o1)(u) V Fry (b,)(v) $ = min{0.6 V 0.5, 0.6 V 0.9, 0.8 V 0.5} = 0.6 
Next for u = wv € Z — 3Z, 
Ts (4) = max{Ti,.(b,)(u) A Thp(ti)(v)} = max{0.1 A 0.2} = 0.1 
Tho(b,) (u) = min{Lne(b,)(¥) VY Lhp(os)(v) } = min{0.5 7 0.8} = 0.8 
Fho(bs)(U) = mint Fre) (w) VT Fro) (v) } = min{0.8 7 0.9} = 0.9 


Table 1, Table 3, Table 4 execute that D C K and CoD Cc K. Therefore, K is an NSPI on (Z, F). 


4.4 Theorem 
Consider an NSPI Kk on (5, F). Then Vb € FE, hx(b) exactly attains two distinct values on S'i.e., |ax(b)| = 2. 
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Proof. As K is non-constant, hence |hx(b)| > 2, Vb € E. Let |hx(b)| > 2. Take « = glb{Th,.(n(u)}, y = 
lubt Lh pe(b) (U (u hy Z= lub{ Frrjc(by (a) F- Then 3 81, P1, 82, P2, $3, D3 such that x < 5; < Pi< Thic(b) (Os), y= 82> 
p2 > Ingo) (Os), 2 = 83 > p3 > Frx(v)(05). Define two Nss C, D on (S, F£) as : 


u) = 3(s1 +71), Trew (u) = 382+ D2), Fre (u) = 3(s3 + ps), Vue Sand 
u) =i, Inyo) (u) =Y, Fro) (u) =z ifu ¢ K (1 ,p2,p3)> 
Thy) (U) = Txe(o) (98); roo) (U) = Inco) (Os), Fro (4) = Fhicw)(Os) thu € Kp. 2.05): 


Clearly, Cis an NSI on (S, E). We are to prove that D is an NSI over (S, £). Since K is an NSI on (S, £) then 
K (p, ,po,p3) 18 a crisp ideal of S. Let u,v € S. Following facts are considered. 


Tho b)\U 


Case 1: When u,v € K(p, n9,p3) then u — v € Kp, po,p3). SO; 


Th p(o) (u = v) = Th (b) (Os) = Dat ») (0s) A Dee (0s) = Dies (b) (u) A Thy) (v) 
Tape) (u — ¥) = Ing) (98) = Ing) (Os) V Ines) (05) = Ingo (u) VW Inpy(v) 
Fry) (u — v) = Fazio) (Os) = Fa (0s) V Fax (0s) = Frow(u) V Fao (v) 


Case 2: When u € K(p, ,p9,p3)> U $ K(p,p2,p3) then u — v € Kp, ,po,p3) and so, 


Thp(o)(u — y) = © = Th(t) (Os) Ax = Thp(u) A Thpw@(v) 
Tnpwy(u-v) =y = Ing (Os) Vy = Inn (u) V Inv (v) 
y( 


Fro) (u—v) = 2 = Faz) (Os) V 2 = Faow(¥) V Fave (v) 


Case 3: When u,v ¢ K(p, p,p3) then, 


Thppu—v) 2 er=cAzr=T,, wy) ATipw(v) 
Thpo(u-—v) Sy =y VY =Ihpw(u) V Inpo(v) 
Fro (u-—v) $2=272= Faow(u) V Fao) 


Thus in any case Vu,v € Sand Vb € E, 


Tho wy (U — v) 2 Thow(u) A Throw e), Laow(u— ¥) S Inn“) V Inn (v) and 
Fi @ylu—v) < Faow y(u) 7 Fre )(v). 

We are to test the 2nd condition of Definition [2.7]. 

Case 1: When u € Kp, p5,p,) then uv, vu € Kp, ps,p3), a crisp ideal of S, for u,v € S. So, 


Tho (uv) = Tho (vu) = Thx (0s) = Thow(u) 
Tap (uv) = Inne (vu) = Ines) (Os) = Inpoy(u) 
Frow (uv) = Fhpw (vu) = Fhe)(0s) = Fhaow(u) 


Case 2: If u € K(p, pp) then, 


Thyp(o) (uv) = 2 = Thywy(u), Thpw(vu) = = Thy (u) 
Tho (uv) < y = Ih 7 Thpwy (vu) < y = Tnpy(u) 
Fp (vy (uv) Sp (bo) (u), Fee (o) (vu) ee — Fry (b)(u) 


This shows that D is both NSLI and NSRI over (S, £). So, D is an NSI on (5, £). We claim CoD C Kk. We 
require following cases to analyse. 
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Case 1: Tell P = CoD. For u = Og, 


Troa(t) = max{Trea(0) A Troe w)] S 5(s1 + Pr) A Try (0s) 


< Thx (v) (0s) A Thx») (Os) [as $1 < pr < Thy @)(05)] = Thy (o) (Os) 


1 
Inpy(u) = min 1 net \(v) V Ino (w)] = 5 (82 + po) 7 Ings) (Os) 
- i (Os) 7 Inx(wy(Os) [as 82 > po > Ing (o)(Os)) = Ineo) (Os) 


1 
Frp(o)(u) = min [Fro y(v )V Fant y(w = 3 (83 + p3) 7 Fab )(05) 
> Frx(o)(O5) V Fae) (Os) [as 83 > p3 > Frx(o)(05)] = Free) (Os) 


Case 2 : For u £ Og but u € K(p, po ,p3)s 


—_ 


Thpw(u) = max[Th,~(v) A Thow(w)] < 5(s1 + pr) A Thi (Os) 


U=VUW 


i) 


1 
= 5 (st + pi) [as s1 < pi < The@(0s)] 
< p, [as 5; < pi] < Th,(y(u) 


ay 


Thoo(u) = min[p.@(v) V Inpw(w)] = 5(s2 + P2) VY Ingo) (Os) 


U=VUW 


i) 


1 
= 5 (82 + p2) [as 82 > pe > Ing (Os) 
> pe [as tg > Mg] > Thy (b) (U) 


Freoo(u) = min| Frew (v) V Faow(w)] = 


U=VUW 


(83 + ps) V7 Fao) (Os) 


eo 


1 
= 5 (83 + p3) [as 83 > p3 > Fry) (0s)] 


> pz [as s3 > p3] > Fax) (u) 


Case 3: When 05 4 u € K(p, po,p3)» for v, w € S such that u = vw, v € Kip, p,p3) and w ¢ K 


(p1,p2,p3)? 
1 
Thp(b)(u) = max |Th<( by (v v) A De (o) (w w)| = 5 (81 + pi) A t= [as x < Sr < Pil < The (b) (4) 


1 
Tipu) = min ULnow(v) V Inno (w)] = 5(s2 + P2) Vy =y [as y 2 82> pa] 2 Ing (u) 


Froo(u) = min [Frew (v) V Fao (w)] = (ss +p3)72=2 [as z> 83 > ps] > Faxw(u) 
Therefore, CoD C K. Lastly, let v € S such that T,,0)(v) = $1, Ing (¥) = S82, Fae (v) = $3. 
Then, T),.(»)(v) = $(81 + P1) > Thy (v). Then C Z K. Again assume w € S for which T),,.(5)(w) = 
Pir Thsc)(W) = Pas Fhicy)(w) = ps ie, w © Kop, pop,)- Then Thp()(w) = Thic(Os) > Pr = Theo) (w) 
imply D Z K. Hence, neither C Z K nor D Z K if CoD C K. Therefore, K is not an NSPI on (5, F) and it 
is against the hypothesis. So, hx (b) exactly attains two distinct values on S for b € EF i.e., |hx«(b)| = 2. 
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4.5 Theorem 


If K is an NSPI on (5, ), then T),,.(0)(05) = 1, Ingo) (05) = 9, Friis) (Os) = 0, Vb € E. 


Proof. For Kk being an NSPI on (S, F), |hx(b)| = 2, Vb € E. Assume Th,()(05) < 1, Ingo) (Os 
0, Fre(o)(Os) > 0. For Kk being nonconstant, Ju € S for which T),.(5)(u) < Thao) (Os), Lhic(oy (u 


Ing) (08), Fact) > Fao) (Os). Let Thou) = Pi, Trew (0s) = m1, Lig (u) = P2 Tne (Os 
ma, Fr (o)(u) = P3, Frxo) (Os) = m3. Take 51, 82, 83 for that py < m, < 8; <1, pp > mg > 82 = O, pz 
m3 > 83 > 0. We assume two Nss C,, D on (S, E) so that, 


Tho (u) = $(p1 +1), Inca (u) = §(p2 + m2), Frow(u) = }(p3 +'ms), Vue Sand 


V il Viv 


Trp) (u) = pi, Inno) (u) = pe, Fhpw(u) =ps foru¢ Ko, 


Thp() (U) = $1, Inno) (u) = 52, Fapw)(u) = 53 if u € Ko 
where Ko = {u € S : Th)(U) = Thi) (Os), Lino) (U) = Inc) (08); Fro) (U) = Fr (o) (05) }- 
Clearly, C is an NSI on (5, F). D is an NSI on (S, £) for Ko being an ideal of S. We are now to show that 
CoD C K. Following facts are needed to consider. 


Case 1 : Take Q = CoD. For u = Og, 


1 1 
Tho (0) (u) = mes Tho(b y(v )A Tho y(w = max[5 (P1 +m) Api, 5 (Pt +m) A sq] 
1 1 
= max[p1, 5 (P1 +m,)] = 5 (Pt +m) < m1 = Thy (0s) 
Tngw(u) = min Une(b (uv) 7 Tn (w)] = 5 (P2 + mz) > m2 = In,()(Os) 


. 1 
Fig) (u) = min [Fae »)(v) 7 Fao (w)] = 5 (Ps + ms) > m3 = Fry (0s) 


Case 2: When 05 4 u = vw € Ko forv,w € Ko CS, 


1 1 

The (b)(u) = max|Tho(p y(v) A Tip (w)] = 5 (Pt +m) As, = 5 (Pt + m1) <m1 = Thy) (0s) = Thaw (u) 
1 1 

Trou) = min Tnow(v) V Inpo(w)] = 5 (p2 + m2) A 82 = 5(p2 + ma) > m2 = Ing(o)(0s) = Inco) 


1 
=(p3 +ms3) A 83 = 


Fro(oy(u) = min [Fro(s (v) 7 Fapo)(w)] = ; 


(p3 + m3) > m3 = Fre(o)(Os) = Frax(o(u) 
Case 3: When 05 4 u = vw €¢ Ko forv,w € S — Ko, 


Thao) (u) = max |The (p )(v) A Tho (w)] = 5(p1 +171) A pr = pi = Thy (u) 


1 
Thaw) (u) = = min n Tne 0) (%) V Tao (w)] = 5 (P2 + m2) V7 p2 = pe = Ingo) (u) 
1 
Fre) (u u) = sale (0) V7 Fiow(w)] = 5 (P3 + m3) 7 p3 = Ps = Faz) (u) 


So including all, CoD C K. As Th, (»)(05) = m1 < 51 = Thy) (0s), so D Z K. Further du € S so that 
Thx (b)(u) = pi < +(pi + m1) = Tno(v)(u) impliy C Z Kk. This means that iv is not an NSPI which is against 
the hypothesis. rrhereiore Thx (b)(0s) = 1, Inx(o) (05) = 0, Fr() (Os) = 0, Vb € E. 
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4.6 Theorem 


For an Nss K on (S, £), let |hx(b)| = 2 and T),,.0)(0s) = 1, Ingo) (Os) = 0, Frx(e)(0s) = 0,Vdb € LE. If 
Ko = {u eS: Taye (b) (14) = Thc(b) (Os), Dire (b y(u i) = = ‘ane )(05), Pr oath y(u ti) = F,,-)(0s)} i 1S a prime ideal on iS: 
then / is an NSPI on (5, F). 


Proof. By hypothesis, J one u € S with s; = Th,(»)(u) < 1,52 = In,z(p(u) > 0,53 = Frz(wy(u) > 0. The 
facts stated below are taken. 


Case 1: When u,v € Ko, then u — v € Ko, an ideal. So Vb € E, 


Thawy(U-—v) = Thy (0) =1=1A1=Th,.~@(u) A Thew(v) 
Tne(o)(U—v) = Ingw)(0) =0=070= haw (u) 7 Lnse(s)(v) 
Frc()(U—v) = Ing (0) =0=070= Fayew(u) V Fax(v) 
Case 2: If u € Ko but v ¢ Ko, then u—v ¢ Ko. Then Vb € E, 
The(w(u-v) = 8 =1A 81 = Trew (u) A Thy (v) 
Ti (oy (u = v) ee oe 0 V $2 > Dace )(u) V Tig (6) (v) 
Fixo(u-v) = 83 =0V7 83 = Faz) 9 Faxw(v) 


Case 3: If u,v ¢ Ko, then Vb € E, 


Thy v) 2 81 = Tax (u) A The wv) 
Tne @y(U-—v) S 82 = Tag u) V Lax (v) 
Firy(u—v) S $3 = Firwlt) V Fixwl) 


Thus in any case Vu,u € Sand Vb € E, 
The (b) (U — v) > The (b)(U) A Thic(b)(v), Dnpe(b y(u - v) < Lies y(u ) VY Liele )(v) and 
Fric(by)(u = v) < Fry (b) (U) V Fh (b)(v). 

To verify the final item, we consider the following cases. 

Case 1: When u € Ko then wv, vu € Ko, an ideal over S, forv € s. SoVbE E, 
Thc(b) (uv) = Thic(b) (vu) =l]= Thc (b) (4), Thy (bt) (Uv) = Thy (b) (VU) =0= Thc (b) (4); 
Frhic(o)(Uv) = Fjc(o) (ve) = 0 = Frac (o)(u). 

Case 2: If u ¢ Ko then, 


Thy (o) (Uv) > $1 = Tax) (U), The(o)(vu) = $1 = They (u) 
Tnx (be)(uv) < 82 = Ing oyu), Ing y(vu) < $2 = Ing oy (u) 
Faz) (uv) < 83 = Fay), Faxwy(vu) < 83 = Frey (u) 


This shows that Kv is NSI over (5, £). Let CoD C K but C Z kK, D & K for C, D being two NSIs on (5, £). 
So, Vu,v € Sand Vb € E, 

Tho) (U) > Thi) (M4); ney) (@) < Lng (4), Frew (U4) < Faw (u) and 

Thy)(v) > Thi) (&); Inn (v) < Ine) (&), Fao) < Frew (e)- 
Clearly, these u,v ¢ Ko otherwise T),,(5)(u) > Thy) (u) = Theo) (Os) = 1 and Tho (u) > The (u) = 
Thc(b)(Os) = 1 which are impossible. Then rv, urv ¢ Kp, a prime ideal of S, for r € S. Thus, 


T. Bera, S. Broumi and N. K. Mahapatra, Behaviour of ring ideal in neutrosophic and soft sense. 


Neutrosophic Sets and Systems, Vol. 25, 2019 15 


Tnx) (Urv) = 81 = Thy) (U) = They (v), Ing (o)(urv) = 82 = Ing (U) = Ing (v) — and 


Fix (o)(Urv) = 83 = Fhyc()(U) = Fig (0)(0): 
Now, if Q = CoD then Vb € E and Vw € S, 


Thaw(w) = max|Tha(b yy) A Thow(2)] = Theo (u) A Thaw (rv) = The (u) A Tho (v) 
> Thro (4) A The v) = $1 A 81 = Thaw (w) 


Hence CoD ¢ K. Then either C C K or D C K implies Kk is an NSPI on (5, F). 


4.7 Theorem 


For an NSPI Kk on (S, E), Ko = {u ER: Th (b) (u) = Thx (b) (05), Inn (6) (ts) = Tnx (b) (Os), Fre(o) (¥) = 
Fn (v) (05) } is a crisp prime ideal of S. 


Proof. Here, Ko is a crisp ideal of S by Theorem [3.3]. To prove Ko being prime, let A, B be two crisp ideals 
of Ko with AB C Ko. Assume C,, D as two Nss on (S, £) as given below, Vb € EF, 


ho(b) = (Th(o)(O5); Ing (b) (05); Fax (Os)) if ue A 
(01,1) ifudgA. 
hp(b) = (Thc(b) (05); Lng(b) (05), Fra(s)(Os)) ifue B 
PO) (0,11) ifud B. 


Clearly C, D are two NSIs on (R, EF) by Theorem [3.2]. We are to prove CoD C K. Consider the following 
facts. 


Case 1: If Q = CoD andu € Ko, 
Tho(s)(u) = max[Ti,..(b) (v) A Tho (Z)] < Theo) (Os) A The) (Os) = Theo) (Os) = Thao) (u) 
Thao) (4) = mine @)(%) V now (2)] 2 Laci) (Os) V Linse(0) (98) = Tinse(0) (08) = Tinse(0) (WU) 
Frou) = min[| Fae (v) V Fano (2)] 2 Fao (0s) V Fae) (Os) = Fric(o)(Os) = Frc) 


Case 2: If u ¢ Ko then for v, z € R such that u = vz, v € Ko and z ¢ Ko. Now, 
Tha(o) (4) = max[The()(v) A Tro (2)] = 0 < Trey) 
Tha(o)(u) = mine w(%) V Ino (2)] = 1 2 Tne (u) 
Fro) (u) = min[Fno((v) V Fap@(2)] = 1 2 Faaw(u) 


Thus in either case CoD C K. Then either C C K or D C K, an NSPI over (S, £). Suppose C C K but 
A Z Ko. Then 4 qu € A such that w ¢ Koi 1.€., Te y(u ) a Let )(03), Lich (wu) a Lh xe (b) (Os), Fh (b)(U u) # 
Os), 


Frx(o)(Os), V2 € EB. This implies T),,.(s)(u) < The (0s), heat U) > Ing (Os), Frew (U) > Fax) (Os) 
by Proposition [3.1](i). Thus T,,0)(u) = Thx (0s) > Thyiwy(u), Lne(vy(w) Tnx (b) (05) < Ing wy (u), 
Fro(o)(u) = Frx(o)(Os) < Frx(y(u) which is against the assumption C C Kk. So, A C Ko. Identically, 
DCK =>BC Ko. Hence AB C Kp = either A C Ko or B C Ko implies Ko is a prime ideal. 
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4.8 Theorem 


(i) Q is anon empty crisp prime ideal of S' if and only if 3 an NSPI M on (S, F) where hy : E —> Nsg(S) is 
put as, Vb € E, 


(1, 0,0) when wu € Q 
(D1, P2, P3) when u g Q. 


hl) = { 


with 0 — P1; P2, P3 s ie 


(ii) Particularly, Q is a non empty crisp prime ideal of S if and only if it’s characteristic function Ag is an NSPI 
on (5, £) when \g : FE —> Ng(S) is put as, Vb € E, 


(1,0,0) whenueQ 
1,1 


1 
XQ(b)(u) = { (0,1,1) whenu¢Q. 


Proof. (i) If Q be a crisp prime ideal, then / is an NSI on (5, F') by Theorem [3.2]. Consider two NSIs C, D 
on (S, £) with CoD C M but C Z M and D Z M. For u,v € Sandbe E, 

Tro)(U) > Tharey), Linc) < La), Frew (t) < Fix (u) — and 

Tap (v) > Tipe) Ino) (v) < Lapel CU )s Fryo(o)(v v) < Pye) (v). 
Obviously U,U ¢ Q otherwise Tho(b)(u) > 1, Iho) u) < 0, Ppa y(u ) < 0 and Thy oy (v) > 1, Inpy(v) < 
0, Frp(o)(v) < 0 which are impossible. Then z = uv € Qi.e., Thy, ( Oe Piy Lny(s)(Z) = Po, Phacioy(2) = Ds- 
Now since CoD C M, then 


P= Thy ()(2) = TL esistb) 2 Z)= Max ,— voltae y(u u) AThyowy(v (v ) a Thig(b y(u u) A Thy @(v (v )= Pi A py _ 
So p, > p; makes a contradiction and thus C Z M and D Z M are false. Hence CoD C M implies either 
CCM orDC M ie., M is an NSPI on (5, E). 

The ‘only if’ part can be drawn from Theorem [4.7] by taking 7}, ,,(6)(05) = 1, Iny,(0)(Os) = 0, Fha,-(o)(0s) = 0. 
(ii) Following the sense of Ist part, it can be easily proved. 


4.9 Theorem 

AnNss K on (S, E) with |hx(b)| = 2, Vb € Eis an NSPI over (S, £) if and only if K = {ue S: Thic(p)(u) = 
1, Inyo) (u) = 0, Faz (oy(u) = 0, Vb € E} with 05 € K is acrisp prime ideal of S. 

Proof. Combining Theorem [4.7] and Theorem [4.8], it can be proved. 


4.10 Theorem 
An Nss K on (S, £) is an NSPI iff each nonempty cut set [h«(0)|(5n,0) of hx (b), an Ng, is a crisp prime ideal 
of S when 6 € IMTh x (b)s ne Im Inge); O€ Im Fricib); VbEE. 


Proof. Let Kk be an NSPI over (S, ’). Then, by Theorem [3.5], [hx (b)]|(5n,0) iS a crisp ideal of S. Consider 
another two crisp ideals A, B of S so as AB C [hx(b)]|(5,n,c). On (S, £), define two Nss C,, D as : 


he OO Mae 0) = { (60,0) ifue B 
ee) Oe) otherwise . ~ | (0,7,¢) otherwise . 


Then C,, D are two NSIs over (R, EF) and CoD C K. Since K is an NSPI over (2, F) then either C C K 
or D C K. Now if possible, suppose A Z [hx(b)|(5n,0). Then du € A such that u € [hg (b)|(5n,0) 1-€., 
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Thx (b) (u) <0, Tnx (by (u) >; Fry (b) (tu) >o. Now foru € A, 

The(o)(U) = 8 > Thic(o)(t4)s Trey (4) = 9S < Tae (U4), Fhew(u) =0 5 o < Fix (o)(u). 
This shows C' Z Kk. Also D Z K similarly. These are against the situation. Therefore A C [hx (b)](57,0) means 
[hx (b)]|(5n,0) iS a crisp prime ideal of S. 
Reversely, we need to clear that is an NSPI over (S, FE) if [hx(b)]|(5»),0) is a crisp prime ideal of S. Take two 
NSIs C, D on (S, F) soas CoD C K. LetC Z K, DZ K. Then Vu,v € Sand Vb € E, 

Tho) (%) > Taco (U4); Lre(%) < Ingo) (U), Fre o)(u) < Fac (u) and 

Tho) > Tac (&), Lavo () < Lay), Fao) < Fa). 
Clearly Th.((¥) A 1, Laxwu) FO, Fax) A 0 and Thyw(v) F 1, Inc (v) F 0, Frew (v) # 0. 
Let Dict y(u u) = = Dalh (0 7 =P, Trott y(u Oe = ae v= = qd, Priclb ee Frg()() = r. Then Tho (b) (U) > 
Ds Inco) (u) < q, Faewy(u) < rand Thp()(v) > p, Inpoy(v) < @ Fao (v) <r ie, u € [ho()]p,qr) and 
v € [hp(b)|(pq,r). Now since CoD C K, 


Thic)(2) 2 max[The()(u) A Tro w()] > The (u) A Tho (v) > p 
Tiny (o(2) S minTne (U4) V Lap] < Threw) V trp lv) <4 
Frc(o)(2) S min| Frei) V Faow)] < Fhe (¥) V Faow(v) <r 


Thus z = uv € [hK(b)| (qr) Les [he(Dl@anlho (war) © [hx ()]~@qr)> 2 crisp prime ideal of S. Then 
either ho(b)\.ar) S hx (b)l@ar) OF Lho()Mar) S [hear Ie ho@loar S [hx ()Joar), then 
u € [ha(d))(pq,r) implies u € [hx (b)](—pqr)- This means T),,()(u) > p > Fu u) >), dicwu) <¢ => 
Tri )(U) SG Frew) SP > Fh (U) S71 i.€s Thao) (U) = Theo) ()s ric) S Ineo) (U)s Frac) S 
Prob) (wu). It is against the assumption. Therefore, CC K or D C K and the proof is reached. 


5 Homomorphic image of NSI and NSPI 


The homomorphic image of NSI and NSPI are analysed here. We let R,, R as two crisp rings and z : R; —> 
Ry being a ring homomorphism throughout this section. 


5.1 Definition 


If C,D be two Nss on (Rj, E), (Ro, E) respectively, then 7(C),~1(D) are also Nss over (Ro, FE), (Ri, E) 
respectively and these are described as : 


(i) m™(C)(v) — { (Tirgcoy (0) (Y)s Lagos) ()s Pharey (oy (U (v ee bE E}, Vu © Re where 


Thao) (V) = { oe lt) 2 eon) fe, : get a 
They () (V) = { SOY :uen “(v)}, - ce, 
Fico) (¥) a { Ow :uEenm <(v)}, i a. a 


(ii) n*(D)(u) = {(Th 1p) (4) Th -1¢p) (0) (U4), Fr apy (b) (u)) :bE E}, Vu € R, where 
Thea) () = Thowl(w), Tra po@ =aowlt(w)) and Fr. = Frowlt(u))- 
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5.2 Proposition 


Let C and D be two NSLIs (NSRIs) on (R,, £) and (Ro, £) respectively. Then, 
(i) 7(C) is an NSLIs (NSRIs) over (Ro, £) if 7 is epimorphism. 
(ii) 7~'(D) is an NSLIs (NSRIs) over (Rj, E). 


Proof. (i) Let v1, 2,8 € Ry. If m (v1) = ¢ or r-'(v2) = @, the proof is usual. So, let Fuy,u2,r € Ry, so as 
T(u1) = V1, 7(U2) = v2, 7(r) = s. Now, 


Thaoy(b)(V1 — V2) = max {The ()} = Thew (ta — U2) = Thew (ts) A The (ua), 


T(u)=v1—v2 


Thaoy(b)(801) = nae {Theo (u)} > Tho) (rur) = Thee) (v1) 
T(u)=sv, 


As all the inequalities are carried Vu1, u2,r € R, obeying (ui) = v1, 7(u2) = v2, 7(r) = s hence, 


Th (oy(0)(U1 — V2) ae {Tico (ur) }) A ( max {Tio (U2) }) = Thee) (1) A Tha pey (2); 


)=01 7 (uz)=v2 
Thacey(b )(sv1) S cee 1 Lots )(u1) = Thacoy(b)(¥ v,). Next, 
Di coy) (U1 —v2)= min  {Inoy(u)} < Ing (ti — v2) < Ingo) (ur) VW Ing (oy (ua), 


T(u)=v1—v2 
Tic) () (801) = ae {Iho(o)(u) } < Ineo) (rus) < Theo) (U1). 
T(u)=svy 


As all the inequalities are carried Vu1, u2,r € R, obeying m(u1) = y1,7(U2) = v2, 7(r) = s hence, 
Lng (o)(U1 — v2) ae {In(6) (ti) }) V ee {Ine (v) (U2) f) = Lh oy )(v1) V Lh a(cy(b oy (v 2) 
Tagcoy(o)(S¥1) S sees Unc (ta) } = Tngcey(o)(%1)- 


Similarly, we can show that 

Fie ccy(o) (V1 — Va) S Facey) (M1) V Fagot) (V2)> Phage) (801) S Fairey) (01): 
This brings the Ist result. 
(ii) For uy, wa € Ry, we have, 


— (u2)| 


a-1(p) (0 (bo) (U1) EX Th n—1¢py (0) (Ua), 
] = Thaw [sm (ur)] 


1p) () (Ua — U2) = Thpwy[t(u1 — u2)) = Thowlr(ur) 
= Thy) el A Thy ee Me a Th 
uy) 


Th 1p) (ta — U2) = he [w(ur — ie = i “0 — 1(ua)] 
Dray o)(TM1) = a peeile = ee = — fan) =Thp eal 
< Tapio) (7 (u1)] = Th a-1(p) 0 (b) (u 1): 
In a similar fashion, 
Fh, -1¢p)(o) (ta — U2) S Fh 
This brings the 2nd result. 


(v) (U1) V Fi, a-1(p) (8) (uz), Focal) (ru) < Fr apy) (u1). 


nlp) (6 
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5.3 Proposition 


Take two NSLIs (NSRIs) C, D over (21, £) and (Ro, F), respectively. If 0,,02 are the additive identities of 
Ry, Ro respectively, then (i) t(C)(02) = C(01) ~~ ii) m7 (D) (01) = D(02) 
Proof. (i) Here 1(C’) (02) = {(Thcoy(0) (02); Ligcey(b) (02); Phare) () (02)) : b € E} and 
C(01) = {(The (01), Lhe) (01), Fao(vy(01)) 26 € E}; Now, 

Tha(cy(b) (02) = max {Th,(o)(u) : u € a 1(09)} > Tho(b)(01) [as (01) = 09] 
Since C is an NSLIs over (R1, £), soVu € Rand Vb € E, 

Tre) (¥) < Trew (01) = max {Ti,,@)(u) su € 771 (02)} < They (01) => Th..cy(b) (02) < Tho(v) (01) 
Thus Thaccy(b) (02) = Tho(b) (01). Next, 

Thccy(b) (02) = min {Ipo(s)(u) su € m*(02)} < Ing(sy(O1) [as (01) = 09] 
Since C is an NSLIs over (Ri, E), soVu € Rand Vb € E, 

Ine(o)(t) = Inc (01) => min {Ingw(u) uw € t1(02)} > Ince) (01) > Layee) (02) = Ine (w (01). 
Thus J}, ¢y(b )(02) = Ln-(o)(01). Similarly, Fi, (cy(b) (02) = Fy(v)(01) and this follows the 1st result. 
(ii) Here, we have 

Th 1p) (6) (91) = Tho l™(01)] = Tho (92); Ln, -1¢5)() (01) = Lavi l™(01)] = Linn (02) and 

Fh -1¢p) (6) (01) = Fh,()[7(01)] = Fry) (02). This follows the 2nd result. 


5.4 Definition 


Consider two nonempty sets X, F and a lattice [0,1]. Then K = {(Th,.(0), Lng (s); Fhag(o))|b € BE} : X — 
[0,1] x [0,1] x [0,1] attains the sup property when T),.(6)(X) = {Thx (x " : a € X} (the image of T;,,(v)) 
admits a maximal element and each of Ip, 6)(X) = {Ing (x) 2 © © X}, Frag (X) = {Fry (a): 2 © X} 
(the image of J), (4), Phx (b) respectively) admits a minimal element Vb € E. 


5.5 Proposition 


For two NSLIs (NSRIs) A, L on (1, £) and (Ro, E£), respectively, followings hold. 

(i) t(Ko) € (a7(K))o (Theorem [3.3] describes Ko). 

(ii) 7(o) = (7(X))o when K attains sup property. 

(iii) t~1(Lo) = (a1 (L))o. 

Proof. (i) If v € m(Ko) signifies v = m(u) for u € Ko C R, so as Th,y(u) = Thx o)(01), Lrg co) (u) = 
Inxc()(O1), Frc) () = Frc) (01). Now, 


Thay o)(V) = max{Th,()(u):uem —*(v)} = max {Th,.(») (01) } = Thx (01) = Thc) (b) (02) 
min {J},,,(6)(u) ue a7 ‘(v)} = min {Lie(b) (01) } = Inge) (01) = Thc (b) (02) 
Similarly, Fr cc)(0)(V) = Friciy(b) (02). It signifies v € (7(K°))o when v € m(Ko) ie., mo) S (7(K))o. 
(ii)Take u € R, so as v = 1(u) € (7T(K))o C Ro. Then Vb € EF, 

Thacxy(b) (92) = Thaccy(o)(V) = Thc) (01) = max {Th (t) :t € a (v)} = Th, (t) 
fort € R, soast € 7~1(v). Further, 


Tie xy (b) (02) = Lincxy(b)(¥) > Tnx (b)(O1) = min {Liic(vy (t) it E na *(v)} = Trg) 
fort € Ri soast € 771(v). 


a 
a8 
a 
S 
“——~ 

S 
ed 

I| 
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Identical picture is drawn for F' and thus t € Ko ie., a(t) € m(Ko) => v = m(u) © m(Ko). Therefore 
(7(KX))o © (Ko). Then 7( Ko) = (7(X))o using (i). 


(iii) uen (Lo) CR, 
= Th, wlt(u)] = Tr 2) = Thr wlt(O1)), Jr, @lt(&)] = Ln, (02) = Lnz@[r(01)] and 
Fri w[t(u)] = ao = Fr, [r(01)); 
Thay (U) = Thy (1) (01) La, a (M4) = Inga.) (01), Pha (4) = Fra, (0) 


Therefore, 2 ~'(Lo) = (a71(L))o. 


5.6 Definition 


Take a classical function 7 : R; —+ Ry and an Nss K(u) = {(Thx(o)(u), Ingo) (u), Freo(u)) : b © E}, 
u € Ry. Then K is said to be z- invariant if 7(u) = 7(v) > K(u) = K(v) foru,v € Ri. Ke (u) = K(v) hold 
if Th pe(0) (4) = Thic 6) (Y); Lixe(0)(U) = Lag )(0); Fre) (U) = Fhe w(v), Vb € E 


5.7 Theorem 


Let a : Rj —+ Rz be an epimorphism and K be a 7- invariant NSI on (21, ). Then the followings hold. 
(i) If & attains sup property, then (7(/¢))o is a crisp prime ideal of Rz when Ko is a prime ideal of R,. 
(ii) If K(Rj) is finite and Ko is prime ideal of R,, then 7(K,) is so of Ry and 7(Ko) = (a(K))o. 

(iii) If A is an NSPI over (1, F), then (Jc) is also an NSPI over (Ro, EF). 


Proof. (i) By Theorem [5.5], 7(/9) = (a(4°))o obviously. Let y, z € Ry such that yz € m(Ko) = (a7(K))o. 
Then there exists u,v € Ry soas 7(u) = y, 7(v) = z and m(uv) = m(u)t(v) = yz € (7X) )o. Then Vb € EF, 


Tracy ()™(UV)] = Thc, (6)(O2) > max {Th (t) : t € 7 (yz)} = They (01), 
(K)(b) [7(uv)] = The xy(b) (02) => min {Ih ie(b)(t) ite am '(yz)} es Thx (b) (01), 
Fhcey(b) [7(uv)] = Fr cxy(6)(02) > min { Fiic(y (€) it E am '(yz)} = Fh (b) (01). 


For w € 1 1(yz) ie., for m(w) = yz = m(uv), sup property tells, 
Theo) (W) = Thc) (01), Trico (w =O ), Fhicw(w) = Fix (01). 
But as K is z-invariant, so K(w) = K(uv). Then Vb € E, 
Theo) (Uv) = Theo) (01), Lrg (Ur) = Lie) (01), Fhe (Ur) = Fax (01). 
Therefore, uv € Ko. As Ko is a crisp prime ideal of Ri, sou € Ko orv € Ko. It refers m(u) € m(Ko) or 
m(v) € 1(Ko). This furnishes the proof. 


(11) Combining the Ist part and Theorem [5.5], the proof is onward. 


(iii) By Proposition [5.2](@), (A) is an NSI over (Rg, F). Since K is an NSPI over (R, F), then hx (b)| = 
2, [hx(b)](01) = (1,0, 0), Vb € E and using Theorems [4.4, 4.5, 4.7], Ko is a prime ideal. But [h(x)(b)|(02) = 
[hi (b)|(01) = (1,0,0), Vb € E and by Ist part, (7(4’))o is a prime ideal of Ro. As |hx(b)| = 2, Ju € Ri so 
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as [hic(b)|(u) = (pi, p2, ps) for b € E. Then, 


The (™(u)) = max{Th(n(u) sue m '(m(u))} = pr 
Trea (™(u)) = min{Ip,@)(u) su ew '(m(u))} = po 
Frc (Tu) = min{Fy,@)(u) su em '(m(u))} = ps 


So, [ha(xy(0)|(™(u)) = (pi, P2,P3) = [hx (0)|(u) for 6 € B. Then [hx (b))(Ri) = [Aausy(b 
epimorphism and wu is arbitrary. Now consider two NSIs L, MV over (R2, FE) such that LoM 
LZ a(kK) and M ¢ 7(K). Then for all y, z € Ro, 

Thr) (Y) > Thacicy()(Y)s Thro (Y) < Tara (Y)s Farm (Y) < Fhice(o(y) and 

Thar(b \(z z)> Th cx (0) (2 z), Ina, (b) (2) < In, cacy) (z), Tae, 0) (2) = es )(z). 
For Y,Z€E Ry - (1 exe Yo. consider Thaca (0) (Y = Tig (ple) = = pi, POC) = Thx (b) (2) = po and 
Fr) Y) = Phacxy(s)(2) = ps- Then, 

Thro) (¥) > Pis Inzoy(y) < P2, From ly) < ps and Thy,(s)(z) > Pr, Inyo) (2) < Pas Fhas(s)(Z) < ps. 
Clearly, yz ¢ (7(K))o as y, z € (a(KX))o, a prime ideal of Ro. 
Then, Thi 0)(Y2) = Dis Lracey()(Y%) = Par Fhroacy(¥%) = Ps: 
Now, pi = Thai) (b) (YZ) 2 Thro () YZ) = Thi (b yy ) A Tarlo yz ) >p Api =pr 
The opposition p, > p; ensures L C 7(K’), M C 7(K) and this furnishes the Ist part. 


)|(R2) as m is 
C m(K) but 


5.8 Theorem 


Let Q be an NSI over (R2, F) and z is onto homomorphism. Then, 

(i) (t~1(Q))o is a crisp prime ideal on R;, when Qo is so over Ry. 

(ii) 7~1(Q) is NSPI on (R,, E) when Q is an NSPI over (Ro, FE). 

Proof. (i) We have by Theorem [5.5], 7~!(Qo) = (m~1(Q))o. Let u,v € R, so as uv € m~1(Qy). Then 

m(uv) = m(u)m(v) € Qo. Again m(u) € Qo or T(v) € Qo as Qo is a prime ideal. 

1(u) — Qo => Tg(b) [7(u)] = The (0) (02) => Th, -1(q)() (4) = Th, 1) (0) (01) >Ue (x*(Q))o. 

Identically, v € (7~1(Q))o when r(v) € Qo. Therefore, wv € (m~'(Q))o refers u € (m~1(Q))o or v € 

(~1(Q))o. Hence, the Ist part follows. 

(ii) By Theorem [5.2], 7~!(Q) is an NSI over (Rj, EF) and by Theorem [5.3], 7~'(Q)(01) = Q(02). Also since 

Q is an NSPI over (Ro, F), then |hg(b)| = 2, [hg(b)|(02) = (1,0,0) and Qo is a crisp prime ideal of Ry 

respectively by Theorem [4.4], Theorem [4.5] and Theorem [4.7]. Then, by Ist result, (7~1(Q))o is a crisp 

prime ideal of R, and [h,-1(g)(b)|(01) = (1,0, 0). Construct [hg(b)|(R2) = {(1, 0,0) U (a1, G2, 93) } for a fixed 

b € E with (1,0,0) ¥ (q1, go, q3). Let [ha (b)|(v) = (m1, g2, 93) for v € Ro. Then du € R; for which 7(u) = v 

and [h,-1(q)(b)|(w) = [he(b)|(v) = (a1, g2, 3). Therefore, [7~'(Q)](R1) = Q( Re) as b € E is arbitrary and 7 

is epimorphism. 

For two NSIs A, B on (R;, £), let AoB C 77!(Q) with A Z 771(Q) and B Z n~1(Q). Then Vu, v € Ri, 
Tray) > Th roy) ()s Tray (M4) < Lr 1(9)0)(Y)s Fraw(u) < Fr, 
Thao) () > Th, aq) )()s Ing (&) < Lr apg) (Y)s Fra (Y) < Frag) (%)- 

For u,v € R, — (771(Q))o, let Th 10) )(4) = Thr, 

and Fray (0) (u) = Fr sig (v) = q3. Then, 


Traw(u) > ds Ingo (tu) < ge, Faawy(u) <3 and Th,()(v) > G1, Ing@(v) < G2; Fae (v) < @- 


= 41> Ih, 


wa 
y 
| 
B 
> 
© 
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It indicates wv ¢ (7~1(Q))o as u,v € (w~1(Q))o, a prime ideal of R,. 
Then, Th, 10) (6) (uv) = q1, Lh 1g) (uv) = q2, Pacis 
80, = Theo) (Uv) 2 Thaco@ (Ur) = Thaw(u) A Thao(v) >a Aa =n 

The opposition gq, > q, ensures A C 7~1(Q), B C 1~1(Q) and this leads the 2nd part. 


(o) (uv) = q3 and 


6 Conclusion 


This effort is made to extend the notion of ideal and prime ideal of a classical ring in the parlance of Ng 
theory and soft set theory. Their structural behaviours are innovated by developing a number of properties 
and theorems. Using neutrosophic cut set, it is shown how an Nss will be an NSI or NSPI. The nature of 
homomorphic image of NSI and NSPI are also studied in different aspect. This theoretical attempt will help to 
cultivate the Ns theory in several mode in future, we think. 
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